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Based on the main station’s direction measurement value and the time difference measurement value of the two
stations, two definite solution equations can be listed in the polar coordinate system by directly utilizing the
path difference equation and the cosine theorem, and the analytical solution can be obtained by solving the two
definite solution equations jointly. Further comparison of the ranging errors shows that the ranging accuracy of the
two-station directional and time-difference positioning system is only slightly worse than that of the three-station
time-difference positioning system. The new results provide a better basis for the engineering design of two-station
hybrid localization.
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1. Introduction

The authors have recently read literature on the problem of
dual-site passive localization of targets with joint direction
of arrival (DOA) and time difference of arrival (TDOA)
information (1–5), and the author’s research objective is
to solve the problem of passive localization by integrating
dual-site TDOA measurement information when only one
site has directional capability. The authors’ original intuition
for this localization method was that an analytical solution
should exist, but after reviewing the available literature, it
was found that all the solutions given were non-linear. Some
of these papers directly show that passive localization of
moving targets by combining DOA and TDOA information
is essentially a non-linear estimation problem (6).

To this end, the authors asked GPT3.5 the following
question: In planar two-station passive localization of a
target with combined DOA and TDOA information, where
only one station performs a direction finding, is there
an analytical method for such localization? Answer from
GPT3.5: In planar two-station passive localization, where

only one station performs the direction finding, the analytical
method for localizing a target with combined angle and
time difference information is not available. There is no
resolving method for localization. This is because in planar
two-station passive positioning, at least two stations are
needed to determine the position of the target, and when
only one station performs the direction finding, we cannot
determine the arc in which the target is located, so we
cannot determine the position of the target from the direction
finding information. The time difference information can
only determine the hypersphere where the target location
is located, and cannot determine the specific location of
the target. Therefore, it is not possible to perform planar
two-station passive localization when only one station
implements the direction finding. If target localization is
required, it is necessary to add another receiving site or use
other localization methods.

In fact, based on planar analytic geometry, when the
number of equations in the system is greater than or
equal to the number of unknown variables, the system will
have a unique analytic solution. In the case of two-station
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localization, where the baseline between the two stations is
known, there are really only two unknown variables: the
radial distances from the two probe stations to the target.
When only single-station direction finding is used, or when
only two-station time difference measurements are used,
the conditions for obtaining an analytic solution really do
not exist, because only one fixed equation can be listed.
However, when the above two measurements are used in
combination, two fixed-solution equations can be listed in
the polar coordinate system by directly utilizing the path
difference equation and the cosine theorem, thus satisfying
the analytical condition that the number of equations is
greater than or equal to the number of unknown variables.
It is thus theoretically possible to give analytical results.

In this article, based on the corollary made in polar
coordinate system, the authors obtain the ranging analytical
solution of the two-station passive positioning method with
joint information of angle and time difference.

2. DEDUCE

As shown in Figure 1, the direction-measuring and time-
difference passive localization system consists of a joint
master station and a slave station. Master station A can use
detection equipment to determine the arrival azimuth of the
radiation source signal, and time difference information can
be obtained between stations A and B, regardless of the time
difference measurement method used.

In fact, if the geometry containing the target and the two
receiving stations is considered as a triangle, the baseline
already established between the two stations, based on
the theory of plane geometry, determines the base of the
fixed triangle, the orientation determines an angle in a
triangle between a hypotenuse and a base side, and the
time difference measurement gives the difference between the
two hypotenuses.

The equation of the path difference obtained from the
time-difference measurements:

1r12 = r1 − r2 = vc1t12 (1)

Using the cosine theorem, this can be obtained:

r2
2 = r2

1 + d2
− 2dr1 cos θ (2)

Deform equation (1):

r2 = r1 − vc1t12 (3)

Substituting into equation (2) obtained from the cosine
theorem:

(r1 − vc1t12)
2
= r2

1 + d2
− 2dr1 cos θ(4)

The final ranging solution can be obtained:

r1 =
d2
− (vc1t12)

2

2
(
d cos θ− vc1t12

) (4)

Using the MATLAB, the relative computational errors at
different baseline lengths are given in Figure 2, thus
indicating that the derived formulae are correct.

The values of the parameters used in the calculations
are:r1=600km, d=50km when not specified.

3. Positioning accuracy analysis

3.1. Hybrid dual station

The relative ranging error is analyzed by total differential
method. First setup:

r1 =
P
Q

P = d2
− (vc1t12)

2

Q = 2
(
d cos θ− vc1t12

)
A. Ranging error from θ

∂r1

∂θ
=

1
Q2

(
Q

∂P
∂θ
− P

∂Q
∂θ

)

∂P
∂θ
= 0

∂Q
∂θ
= −2d sin θ

B. Ranging errors from time-differential measurements

P = d2
− (vc1t12)

2

Q = 2
(
d cos θ− vc1t12

)
∂r1

∂1t12
=

1
Q2

(
Q

∂P
∂1t12

− P
∂Q

∂1t12

)

∂P
∂1t12

= −2v2
c 1t12

∂Q
∂1t12

= −2vc

C. Simulations
When the errors of each observation are zero-mean and

independent of each other, for a two-station system, there is
a relative ranging error:

σr =
1
r1

[∣∣∣∣ ∂r1

∂1t12

∣∣∣∣ σ1t +

∣∣∣∣∂r1

∂θ

∣∣∣∣ σθ

]
(5)
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FIGURE 1 | Principle of dual-station localization.

FIGURE 2 | Relative computational errors for different baseline
lengths.

FIGURE 3 | Relative ranging error at different baselines.

where: σ1t and σθ
are the root-mean-square errors of the time

difference and angle measurement errors, respectively.
The values of the parameters used in the calculations when

not specified:

r1 = 600km, d = 50km, σθ = 0.50, σ1t = 100ns.

Using the MATLAB, the relative ranging errors at different
baseline lengths are given in Figure 3. Obviously, a long
baseline is good for reducing the error. Figure 4 gives the
relative ranging error at different radial distances; the closer
the target distance, the better the localization accuracy.

3.2. Comparison with three stations with
time difference

It has been shown that if the path difference equation and the
geometric auxiliary relation are combined, a linear solution
of the planar dual-base three-station localization equation
can be obtained (7). For the three-station time-difference

FIGURE 4 | Relative ranging error at different radial distances.

FIGURE 5 | One-dimensional double base array.

FIGURE 6 | Comparison of relative ranging errors.

passive localization system shown in Figure 5, there is a linear
analytical solution:

r2 =
2d2
−1r2

12 −1r2
23

2 (1r12 −1r23)
(6)

Setting:

r2 =
P2

Q2

P2 = 2d2
−1r2

12 −1r2
23

Q2 = 2 (1r12 −1r23)

A. Ranging error from time difference 1t12 measurements

∂r2

∂1t12
=

1
Q2

2

(
Q2

∂P2

∂1t12
− P2

∂Q2

∂1t12

)
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∂P2

∂1t12
= −21r12

∂1r12

∂1t12

∂Q
∂1t12

= 2
∂1r12

∂1t12

∂1r12

∂1t12
= vc

B. Ranging error from time difference 1t23 measurements

∂r2

∂1t23
=

1
Q2

2

(
Q2

∂P2

∂1t23
− P2

∂Q2

∂1t23

)

∂P2

∂1t23
= −21r23

∂1r23

∂1t23

∂Q
∂1t23

= −2
∂1r23

∂1t23

∂1r23

∂1t23
= vc

3.3. Simulation calculation

When the errors of the individual observations are all zero-
mean and independent of each other, for a three-station
system, there is a relative ranging error:

σr2 =
1
r2

[∣∣∣∣ ∂r2

∂1t12

∣∣∣∣ σ1t +

∣∣∣∣ ∂r2

∂1t23

∣∣∣∣ σ1t

]
(7)

The parameter values used in the calculations are the same
as in the previous section. By using MATLAB, Figure 6
compares the relative ranging errors of the two positioning
systems. It can be seen that the accuracy of the three-station
time-difference localization system is slightly better than that
of the two-station.

4. Conclusion

This thesis corrects the existing misconception that dual-
station passive localization with joint angle and time
difference is a non-linear estimation problem, based on
the fundamental theorem of plane analytic geometry,
and gives analytic results by using the time-difference

equations and trigonometric relations directly in the polar
coordinate system.

The corollary of this article, as well as many of the authors’
previous studies, shows that certain problems that do not
have an analytic solution in the Cartesian coordinate system
are able to obtain an analytic solution when transferred
to the polar coordinate system. It is very confusing why
many researchers analyze problems only in the Cartesian
coordinate system. It is even more puzzling why people fail to
see the basic fact that, based on mathematical common sense,
at least two definite equations can be formulated based on
the two types of measurements and that there are only two
unknowns in the plane from which it is possible to obtain
definite results.

The results in this article lay a new foundation for the
application of hybrid two-station, and it is likely that the
existing complex filtering algorithms will be simplified and
handled (8). Although the hybrid two-station measurement
approach has a larger localization error than the three-station
time-difference localization system, the hybrid two-station
system is much superior because the sites are easier to find
and the system is more economically configured (9, 10).
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